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Abstract

In this paper, we provide a new induction proof of the Gibbard—Satterthwaite theorem,
where the induction argument builds on n = 1 rather than the existing proofs using n = 2. The
provided proof is much shorter, and the arguments are very intuitive, which will be helpful in

teaching and for beginners in this field.
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1 Introduction

The Gibbard-Satterthwaite theorem (henceforth, the GS Theorem) is a seminal work which showed
a fundamental impossibility in social choice theory. Suppose a group of individuals is making a
collective decision to select a winner among three or more alternatives. Each individual has a
private (preference) ordering over the given set of alternatives. Is there a rule that will always
induce individuals to submit orderings truthfully? The GS theorem states that the dictatorial
rule is the only non-trivial rule that will incentivize individuals to report their private information
truthfully.

There are many simple and elegant proofs of this result in the literature, e.g., Schmeidler &
Sonnenschein (1978); Barbera (1983); Benoit (2000); Sen (2001); Reny (2001); Cato (2009); Ninjbat
(2012); Yu (2013); Reffgen & Svensson (2014). One of the techniques among such proofs is the
induction on the number of voters where induction starts with n = 2 (e.g. Sen (2001) and Reffgen
& Svensson (2014)).1 However, this paper observes that a direct proof using n = 1 is also possible,

making the base case trivially true and significantly shortening the overall proof. To best our

*We thank Arunava Sen for suggesting this problem.
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!They first show theorem holds for two voters and then use induction to show that it holds for any number of
voters.



knowledge, this is the first proof that starts the induction from n = 1. Our proof is elementary and
suitable for new researchers and classroom teaching.

We want to highlight two features of our proof. Firstly, our proof is constructed in such a way
that it works even over a restricted domain of free pair at the top, as in Sen (2001). For every
pair a¢ and b, this domain minimally contains two orderings such that a is first-ranked and b is
second-ranked and vice-versa.? Finally, with minor modifications, we establish the GS theorem for
another interesting restricted domain called the circular domain, introduced in Sato (2010).3

In the next section, we introduce our framework and the main definitions. Section 3 provides
the statement and proof of the GS Theorem. Section 4 provides a proof for the circular domain,

and Section 5 concludes.

2 Framework

Let N = {1,...,n} be a finite set of voters and A be a finite set of m alternatives i.e., |A| = m.
Each voter i € N has a (linear) ordering P; over the elements of the set A.* For distinct a,b € A
by aP;b we mean : « is strictly preferred to b by voter i according to her ordering P;. Let P denote
the set of all linear orderings over the elements of A. For any ordering P; and integer k = 1,...,m,
r&(P;) denotes the k*" ranked alternative in P;, i.e. |{a € A: aPrp(P)} =k — 1.

A profile is a list P = (Py,...,P,) € P" of voters’ orderings. For any coalition S C N, let
Ps = (P,)ics and P_g = (Pi)ieN\S' For simplicity, we write P_; for P_g; and P_;; for P_g; ;1 and
so on. A profile P is also denoted by (P;, P—;), more generally (Ps, P_g) for any S C N. Next we
note the definitions and axioms used in the paper. They are very standard and widely known in

the literature, so we skip the detailed explanations.
DEFINITION 1. A social choice function (SCF) is a function or a mapping f such that f : P* — A.°

DEFINITION 2. f is manipulable by voter i at profile P via P} if f(P!,P_;) P; f(P). f is strategy-

proof if it is not manipulable by any voter at any profile.

DEFINITION 3. f satisfies unanimity if for all P € P"™ and a € A such that r1(P;) = a for all
i € N, we have f(P) = a.

DEFINITION 4. f is dictatorial if there exists a voter i (called a dictator) such that f(P) = r1(F;)
for all profiles P.

2If there are m alternatives, then this domain requires only m(m — 1) orderings compared to the m! orderings in
the universal domain.

3This domain requires only 2m orderings. See Section 4 for more details.

4Linear order is a binary relation which satisfies completeness, transitivity, and anti-symmetry.

® As our proof works for a more general domain, so we could have defined SCF as f : D™ — A where D C P. Now
D could be free pair or circular domain.



3 Main result

THEOREM 1 (GS Theorem Gibbard (1973) and Satterthwaite (1975)). Assume |A| > 3. Then a
SCF f satisfies unanimity and strategy-proofness if and only if it is a dictatorial SCF.5

Proof: Step 1. The theorem is (trivially) true for a single voter, N = {1}.

Step 2. Induction Hypothesis (IH): assume that for all integers k < n, if f : P* — A satisfies
unanimity and strategy-proofness then it is a dictatorship. We will show that the above statement
is true for k = n.

Define a SCF g : P* ! — A as follows: for all (P, Ps,...,P,) € P* 1, g(P,Ps,....P,) =
f(Py, P, Ps, ..., P,). In words, g is obtained from f by taking the ordering of voter 2 exactly same
as voter 1. If f is strategy-proof and unanimous, so does the g. If all voters in g share the same
top ranked alternative so does f and f being unanimous, it selects that alternative. So, g is also
unanimous.

Now suppose at some profile (P;, P_j2), g is manipulable by voter ¢ via P/. If ¢ > 3 then f is
also manipulable by i at profile (Pi, P, P_12) via P/. If i = 1 then f is manipulable by either 1 or
2. To see this let g(P1, P_12) = a and g(P{, P_12) = b (obviously bPja). Let f(P], P1,P_12) =z
(if = a then player 2 manipulates at (Pj, P1, P_12) via P|). If zPja then voter 1 manipulates at
(Py, Pi, P_12) via P{. So aPyz. But then f(P[, P{,P_12) = g(P], P_12) = b and bPiaP;x. Hence,
voter 2 manipulates at (P, Pi, P_12) via P{. Therefore, g must be strategy-proof.

Therefore, by applying IH, ¢ is dictatorial. Let i € {1,3,...,n} be the dictator in g. We will
consider two cases to establish that f is dictatorial.

Case 1: i € {3,4,...,n}. We will show that i is also a dictator in f. Take an arbitrary profile P
and assume r1(FP;) = a. We need to show that f(P) = a. From IH, we have f(P;, P, P_12) = a
and f(Py, P2, P_12) = a. Now suppose f(Py, P, P_12) = b # a. At ordering Pj, either we have
bPia or aP;b. Suppose it is bPja, then voter 2 can manipulate at (P, P1, P_12) via Py. If aPyb,
then voter 1 can manipulate at (Pp, P2, P_12) via P5. A contradiction of f being strategy-proof.
Case 2: i = 1. We will argue in steps that voter 1 or 2 is the dictator in f. We have also provided
a visual description of each step in the Figure 1.

Step (i): Fix an arbitrary sub-profile P_15 and two (distinct) alternatives a and b. Consider a
profile P such that 71 (P;) = a,ro(P1) = b,71(P2) = b,79(P) = a and P_12 = P_15. Note that at
profile P we have f(P) = a or b, because if it is some ¢ # a, b then voter 1 can manipulate at P via
P,." Let without loss of generality, f(P) = a. Now we will establish that voter 1 is the dictator in
fe

Step (ii): Consider any ordering P| and P} such that r1(P) = a and r1(Pj) = b. Then f(Py, P_3) =
a or b otherwise voter 1 can manipulate at (Pj, P_3) via P). But f(Py, P_2) # b else voter 2 can
manipulate at P via Pj. Hence f(Pj, P_3) = a. Now, f(Pj,P_9) = f(P{,P},P_12) = a . If it is

SWe could also write the theorem using onto-ness instead of unanimity. But they are equivalent under strategy-
proofness.

"Or voter 2 can manipulate at P via P;.

8Suppose if it was f(P) = b then exactly similar arguments can establish that voter 2 is dictator in f.
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Figure 1: In each profile the outcome is shown by the bold red colored alternative. Note that every
profile, except the last, is subjected to P_qo.

not true then voter 1 can manipulate at (P], Py, P_12) via P;.

Step (iii): For any ordering PJ, we have f(P{, Py, P_12) = a. Suppose it is not true and we have
f(P{,Py,P_12) = ¢ # a. Now voter 2 can manipulate at (P{, Py, P_12) via Py when cPja, which
is true for an ordering where 71 (Pj) = b and r2(Pj) = ¢.” Hence we have established that voter 1
always gets alternative a when it is ranked top in her ordering.!’ Next, we show that outcome at
all profiles is equal to her first ranked alternative i.e., voter 1 is indeed the dictator.'!

Step (iv): Pick any two alternatives 2 and y # a. Consider a profile P where 1 (Py) = z, ro(P1) = v,
r1(Py) =y, ro(Py) = x and P_15 = P_j5. Using the arguments of steps (i) to (iii), the outcome
must be x or y whenever it is ranked first by voters 1 or 2, respectively. However, the latter is
not possible as this contradicts Step (iii), where we have shown that voter 1 gets a whenever it is
ranked first by her. Therefore, voter 1 always gets her top ranked alternative.'?

Step (v): To establish that voter 1 is a dictator at all profiles, we need to show that choice of
dictator between 1 and 2 does not depend on the sub-profile of voters from 3 to n. Recall the sub-
profile P_15 from Step (i). Take any two alternatives, w and z such that w P3 z. Consider the profile
P where r1(P1) = z, 12(P1) = w, r1(P2) = w, ro(P) = z and P_15 = P_15. According to Step

9Note that in this Step all we need to assume is the free pair at the top.

10This is also referred in the literature as “1 being decisive over a”.

' Alternatively, 1 is decisive over all alternatives.

126 see this, if f(l:’) = g, then first we can show that f(f:’{,ﬁfl) = y, whenever rl(P{) = z, then show that
f(P], P}, P_15) =y, whenever 1 (P4) = y and finally for arbitrary P{’, f(P{’, P}, P_12) = y. This will contradict Step
(iii) because it concludes that f(P{’, Ps, P_12) = a whenever r1(P") = a.



(iii) we know that, f(P) = z. Now take an arbitrary ordering P3. Consider the profile, (Ps, P_3).
According to Step (i), f (]53, P_3) = w or z. However, if it is w, then voter 3 can manipulate at P
via P5. So it must be z. Now we can follow the arguments from Step (ii) to (iv) to establish that
for arbitrary P} and P we have f(Pj, Py, Ps, P_123) = 71(P}). We can apply the same arguments
to arbitrary orderings from By through B, to establish that voter 1 remains dictator. Because the
choice of sub-profile (153, 154, ey Pn) is arbitrary, we have established that at every profile voter, 1
is the dictator.

The Case 1 and 2 complete the proof of Step 2. The Step 1 and 2 complete the proof of GS

theorem.

4 Circular Domain

Sato (2010) introduced a domain called the circular domain.'® We will show that our arguments
are fairly general and can be adjusted to the circular domain with minor modifications. A different
proof for this domain is almost identical as the previous proof. Below we only highlight the changes
that are required in the steps of Case 2 of our proof.

Step (i’): Fix any two adjacent alternatives a and b.'*

Step (iii’): For any arbitrary ordering Py if f(P{, Py, P_12) = ¢ # a then voter 2 can manipulate at
(P{, Py, P_i12) via Py. This is possible whenever cPya, which is true for an ordering where r1(Pj) = b
and 7, (P}) = a.'

Step (iv’): Pick any two alternatives z and y such that x and y are adjacent and y # a.

5 Conclusion

We provide an induction proof where the induction argument builds upon n = 1 rather than n = 2,
as required in existing proofs. Our proof only requires the domain to satisfy the free pair at the top
condition. No other restrictions are imposed on how outcomes are ranked lower down. In addition,
we also provide a modified proof that works for the circular domain, which is even further smaller

than the top pair domain in terms of number of possible orderings.
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