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Abstract

We study procurement design when the buyer is uncertain about both the value
of the good and the seller’s cost. The buyer has a conjectured model but does not
fully trust it. She first identifies mechanisms that maximize her worst-case payoff
over a set of plausible models, and then selects one from this set that maximizes her
expected payoff under the conjectured model. Robustness leads the buyer to increase
procurement from the least efficient sellers and reduce it from those with intermediate
costs. We also study monopoly regulation and identify conditions under which quantity

regulation outperforms price regulation.
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1 Introduction

Hoping for the best, prepared for the worst, and unsurprised by anything in between.

— Maya Angelou, I Know Why the Caged Bird Sings

Procurement plays a central role in economics. Governments rely on sophisticated con-
tracts to purchase goods and services for citizens and to regulate firms with market power.
Similarly, consumers and firms use customized contracts in bilateral trades for major assets,
ranging from real estate to inputs used in production. A key difficulty in procurement design
is that sellers typically hold private information about their costs, which forces the buyer
to leave rents to induce truthful revelation. A second challenge is that both the value of
the good and the seller’s cost technology may be uncertain at the contracting stage. The
standard approach assumes the buyer has a “conjectured model” specifying the value for
the good (i.e., a demand curve) and a cost technology (i.e., a distribution from which the
seller’s cost is drawn), with both obtained from the estimation, or calibration, of past data,
or by integrating over a set of alternative models using a subjective belief. The buyer then
selects the mechanism that maximizes her expected payoff (under the conjectured model)
subject to incentive and participation constraints. This approach is often referred to in the

literature as “Bayesian”.

In many settings, however, the designer may not fully trust her model. The lack of
trust may come, for example, from the fear that the data used to estimate or calibrate the
conjectured model may no longer be representative of the relevant environment. This paper
studies optimal design when the designer seeks robustness to such model misspecification.
For concreteness, we focus on a government buyer in the introduction, though the results
apply equally to private procurement and other design problems. The buyer first identifies
all worst-case optimal mechanisms—those maximizing her minimum payoff across a set of
plausible models (with each model comprising (a) a demand function specifying the social,
or private, gross value of the quantity procured, and (b) a cost technology specifying the
distribution from which the seller’s cost is drawn). The buyer then selects, among them,
the mechanism that maximizes her expected payoff, under the conjectured model. We refer
to a mechanism solving this design problem as robustly optimal. We assume the designer’s
objective is to maximize consumer surplus. This assumption allows the results to carry over

directly to private procurement and, after role reversal, to seller-side screening problems such



as Mussa and Rosen (1978).

This two-step approach can be interpreted as arising from organizational frictions—for
example, the need to obtain approval from a supervisor requiring that the adopted mech-
anism deliver a satisfactory payoff guarantee. For instance, in the oil and gas sector, se-
nior management commonly requires that projects remain viable under conservative price
scenarios—often corresponding to oil prices well below prevailing market conditions—before
approving investment. In the main text, we assume this guarantee is the maximal attainable
one (given the set of plausible models, and the need to provide incentives to the seller). In
the supplement, we consider more permissive short lists comprising all mechanisms for which

the payoff guarantee is no less than a required fraction of the maximal attainable one.

Our first result concerns settings where uncertainty is only over the seller’s cost technol-
ogy, and the demand function (equivalently, the value of the good) is known to the designer.
The buyer considers a set of possible cost distributions, each representing a distinct technol-
ogy.! When the conjectured distribution satisfies standard regularity conditions, the optimal
mechanism takes the form of Baron—Myerson with a quantity floor. In the classical Baron and
Myerson (1982) model, each cost type of the seller produces a quantity distorted downward
relative to the efficient level, with no distortion for the lowest-cost type. Under robustness,
the buyer retains the same schedule but imposes a floor ensuring every type supplies at least
the efficient output of the highest-cost type. The floor protects against the possibility that
high-cost firms occur more frequently than conjectured. Because downward distortions serve
primarily to limit rents for low-cost types, their value diminishes under uncertainty. Hence,
robustness calls for higher quantities from high-cost types of sellers—achieving efficiency at
both ends of the cost distribution. This mechanism differs from other worst-case-optimal
ones that are not robustly optimal under our criterion. For example, a single contract where
quantity is equal to the efficient level for the highest-cost type and the transfer is equal to
the cost of for such a type to supply such a quantity is worst-case optimal but dominated by
the Baron—Myerson-with-quantity-floor mechanism: It delivers a lower payoft to the designer

for all technologies, strictly for a subset of the relevant range.

The combination of a quantity floor (designed for a range of high-cost firms) with a menu

of quantity levels for lower-cost sellers is a feature of many procurement contracts.> Our anal-

'In the main text, this set comprises all distributions with support contained in a given interval. In the

online supplement, we allow for more general sets.
2For example, in defense procurement, indefinite-delivery /indefinite-quantity (IDIQ) contracts with cost-



ysis suggests this combination may be a natural response to model uncertainty, independently
of concerns about cost overruns or moral hazard. The optimality of the Baron—Myerson-
with-quantity-floor mechanism extends to some environments where the government also
faces uncertainty over the demand of the good—for instance, when the conjectured demand
is the smallest within the set of plausible demands. More generally, we provide necessary
and sufficient conditions for the Baron—Myerson-with-quantity-floor mechanism to remain
robustly optimal under demand uncertainty and characterize the qualitative features of ro-
bustly optimal mechanisms when it is not. In such cases, robustness requires the same
quantity for low-cost and high-cost types as in the Baron—Myerson-with-quantity-floor mech-
anism, but smaller quantities for intermediate-cost types. The intuition is the following. At
the top of the cost distribution, robustness requires procuring the efficient output under the
lowest demand and highest cost. Optimality (under the conjectured model) then requires
procuring the same output also from an entire interval of costs around the highest level.
For intermediate types, instead, where the floor does not bind, downward adjustments are
needed to protect against the possibility that the actual demand is lower than expected. By
contrast, for low costs, the buyer’s payoff exceeds the guarantee irrespective of the realized

demand, making any adjustment (vis-a-vis the Bayesian optimum) unnecessary.

We then study environments with a downstream market, where demand can be discovered
by letting firms sell directly to consumers. We focus on price mechanisms, in which the
government sets a price for each type of seller and lets the firm meet consumer demand at
that price. Such mechanisms naturally hedge against demand misspecification by making
procurement responsive to realized demand but expose firms to demand uncertainty. Here
too we adopt a robust approach by requiring the price mechanism to be individually rational
and incentive compatible no matter the firm’s beliefs over the demand (formally, this is
accomplished by conditioning the transfer to the firm on the realized demand). We show
that robustly optimal price mechanisms are simple: each type is asked to apply the Bayesian
optimal markup (under the designer’s model), with a cap binding for high-cost types. The

cap protects against the possibility that high-cost firms are more prevalent than expected.

Finally, we compare price and quantity regulation. Under Bayesian analysis, price reg-

plus-incentive-fee (CPIF) payment structures specify a minimum order or minimum guaranteed dollar value,
while allowing incentive fees to be conditioned on delivery and performance milestones (Federal Acquisition
Regulation 16.504(a) and 16.405-1). Similar minimum purchase guarantees are also used in government

medical procurement, including vaccines and medical countermeasures.



ulation dominates quantity regulation because it implements the optimal quantity schedule
for each possible demand. Under robust optimality, this ranking no longer holds. While
both types of regulations offer the same maximal guarantee, their expected payoffs under
the conjectured model differ. When the Baron—-Myerson-with-quantity-floor mechanism is
robustly optimal, quantity regulation dominates—strictly so when the quantity demanded
at the highest marginal cost under the conjectured model exceeds the one under the low-
est demand in the admissible set. This is because the extent of over-procurement from
high-cost firms is larger under price regulation. Conversely, when the quantity demanded
under the conjectured model at the highest cost coincides with the quantity demanded under
the lowest demand, price regulation dominates, as it avoids the downward adjustment for

intermediate-cost types required under quantity regulation.

These findings yield primitive conditions determining which form of regulation dominates,
depending on whether uncertainty over demand is concentrated at low or high prices and

whether the estimated cost distribution puts more weight on low or high costs.

Organization. The remainder of the paper is organized as follows. We conclude the
introduction with a brief discussion of the relevant literature. Section 2 presents the envi-
ronment and the buyer’s problem of designing a robustly optimal procurement mechanism.
Section 3 characterizes the set of worst-case-optimal mechanisms. Section 4 derives the
properties of robustly optimal mechanisms. Section 5 extends the analysis to settings with
a downstream market, characterizes robustly optimal price mechanisms, and identifies con-
ditions under which quantity regulation dominates (or is dominated by) price regulation.
Section 6 concludes. All proofs not in the main text are in Appendices A—D. The article’s
online supplementary material, Mishra et al. (2025), contains additional results: (a) it estab-
lishes existence of robustly optimal mechanisms, (b) shows that robustly optimal mechanisms
are undominated, (c) discusses how the results extend to a more permissive short list contain-
ing mechanisms for which the guarantee is no less than a fraction v € [0, 1] of the maximal
one, (d) considers more general forms of cost uncertainty in which the most adversarial cost
distribution is less adversarial than in the main text, and (e) shows that the output procured
under robustly optimal mechanisms need not be monotone in the uncertainty the designer

faces over the set of feasible cost technologies.

Related literature. A vast literature in information economics studies optimal mecha-



nisms when agents hold private information about key primitives—preferences, costs, tech-
nology, or productivity. The closest works to ours in the procurement and regulation domains
are Baron and Myerson (1982) and Laffont and Tirole (1986). Related analyses include Arm-
strong (1999), Amador and Bagwell (2022), Armstrong and Sappington (2006), Biglaiser and
Ma (1995), Dana (1993), Lewis and Sappington (1988), and Yang and Zentefis (2023). These
papers explore how optimal mechanisms depend on the designer’s information about demand
and cost, under the assumption that the designer fully trusts a specified model—what we

refer to as the Bayesian benchmark.?

Recent work has relaxed the key assumptions underlying the Bayesian analysis to develop
robust approaches to contract design. Carroll (2019) provides an excellent survey of this liter-
ature. The most closely related papers are Garrett (2014), Bergemann et al. (2023), Guo and
Shmaya (2025), and Kambhampati (2025). Garrett (2014) characterizes optimal contracts
when the designer lacks information about a manager’s disutility from effort in Laffont and
Tirole (1986) setting. Bergemann et al. (2023) study robustness based on worst-case compet-
itive ratios. Guo and Shmaya (2025) analyze min-max regret and identify conditions for the
optimality of price-cap regulation under private information about both demand and costs.*
Kambhampati (2025) considers lexicographic worst-case optimality when mechanism perfor-
mance is evaluated across a system of multiple beliefs. Our analysis is also lexicographic but
differs in that the designer’s second-order belief is given by the conjectured model, which is a
primitive of the environment. This distinction has important implications for the structure
of the optimal mechanism. For example, we show that the tension between efficiency and
rent extraction persists in the presence of robustness concerns. None of the above papers
identifies conditions under which quantity regulation outperforms price regulation, which is
one of the distinctive contributions of our work. Related are also Borgers et al. (2025) and
Mishra and Patil (2025) who consider the design of undominated mechanisms, respectively
in auctions and regulation. In all these papers, the designer does not have a conjectured
model and treats all models in the admissible set equally. In contrast, in our approach, the
designer does have a conjectured model and uses it to select among mechanisms that yield

the largest payoff guarantee. This feature aligns our analysis with Dworczak and Pavan

3The properties of Bayesian optimal mechanisms for a monopolist selling to consumers with private
information about their willingness to pay are qualitatively identical to those in the procurement model,

modulo a reversal in the players’ roles — see, e.g., Mussa and Rosen (1978).
4See also Bergemann and Schlag (2008) for an earlier analysis of min-max regret in monopoly pricing and

Segal (2003) for multi-unit auction design when the demand is unknown.



(2022), who study robust information design without transfers or screening. In contrast, we

consider mechanism design with transfers and private information on the agent’s side.

Our paper is also related to the literature on model misspecification and robust control
(see Cerreia-Vioglio et al. (2025) for an overview). In that literature, performance under
alternative models is weighted by a distance measure between each model and the conjectured
one. In contrast, our designer treats all models within the admissible set symmetrically when
computing the payoff guarantee, but then uses the conjectured model to select from the
short list of mechanisms for which the payoff guarantee is the highest. In this respect, our
approach also differs from Madardsz and Prat (2017) who consider model misspecification
in a monopolistic screening setting in which non-local incentive constraints bind and show

that small misspecification can lead to large losses.

Finally, in settings with downstream markets, our analysis connects—conceptually—
with Valenzuela-Stookey and Poggi (2025), who study the use of markets as instruments for
implementing desired allocations. See also Weitzman (1974) for an early analysis of price
vs quantity regulation in a setting without private information where the regulator does not

seek robustness.

None of the existing studies generate the predictions about the structure of robustly
optimal mechanisms and the comparison of price and quantity regulation that emerge from

our analysis.

2 Model

2.1 Environment

A buyer (a government agency or a private organization) procures a product or service. The
good is supplied by a monopolistic seller who can provide any quantity q € [0,q], where
q € Ry, is finite but large enough that it is never optimal for the buyer to procure more
than q, regardless of the buyer’s valuation or the seller’s cost (the precise condition ensuring

this property is provided below).?

5The assumption that q is finite guarantees that the seller’s equilibrium payoff satisfies a familiar envelope-

theorem representation.



The seller’s cost of supplying q > 0 is fq, where the marginal cost 6 is the seller’s private

information.®

The buyer is uncertain about the gross value of procuring g units. Based on past data,
the buyer’s conjecture is that this value is given by an increasing, concave, and differentiable
function V* : Ry — Ry, with derivative P* (interpreted as the inverse demand function)
such that, for any q, V*(q) = [;' P*(s)ds.” However, the buyer is concerned that the true
value function may differ from V*. Specifically, the buyer considers a set V of admissible
value functions, each increasing, concave, and differentiable, with associated set of inverse
demand functions P. That is, for each V' € V), there is an inverse demand function P € P

representing the derivative of V' such that

Vi(g) = / " P(s)ds 1)

for all ¢ > 0. Representing each V' as the integral of its inverse demand function P facilitates
the application to monopoly regulation in Section 5.1. For each P € P, let D denote the
corresponding direct demand, defined by D(p) = P~*(p) for all p € [0, P(0)] and D(p) =0
for all p > P(0). Let D denote the set of all such direct demand functions and D* the demand
associated with P*. The assumption that q is large is then equivalent to the property that
D(f) < qfor all D € D.

The sets V, P, and D are such that (V*, P*,D*) € V x P x D. We assume that there
exists a “smallest” inverse demand P € P such that P(q) > P(q) for all ¢ > 0 and all
P € P. The function P provides a lower bound on marginal value and is decreasing and

continuous. The smallest inverse demand function P induces the smallest value function V.

The buyer is also uncertain about the cost technology, captured by the distribution from

which the seller’s marginal cost 6 is drawn. The buyer’s conjecture is that 6 is drawn

from a regular distribution F* with support © = [6,0] C R,y; that is, from a cdf F*

that is absolutely continuous over R with density f* strictly positive over © and such that

F*(@) = 0, F*(#) = 1, and the virtual cost z(#) = 6 + F*(0)/f*(0) is continuous and

6All our results extend to a setting with a fixed cost ¢ € (0,¢), where ¢ € Ry is a bound whose role is
to guarantee that it is optimal for the buyer to procure a positive quantity even when expecting the largest

marginal cost and the lowest value for the good.
"Throughout, a function g is said to be increasing (alternatively, weakly increasing) if g(z) > g(a')

(alternatively, g(x) > g(z’)) whenever = > z’. The terms decreasing and weakly decreasing are analogously

defined. Similarly, when we say that a function is concave, convex, or quasi-concave, we mean strictly.



increasing over ©. The buyer considers a set F of admissible cost distributions. We assume
that F = CDF(©), where CDF(0O) is the set of all cdfs whose support is contained in ©; that
is, each F' € CDF(O) is a weakly increasing, right-continuous function F' : R — [0, 1] such
that F(6) = 0 for all § < 6, and F(0) = 1 for all § > 6. The supplement considers the case in
which F does not coincide with CDF(©) and discusses how the results depend on the lowest
element of such a set (in the main text, the lowest element is a Dirac assigning probability

one to 6; in the supplement, we allow the lowest element of F to be a non-degenerate cdf).

We assume that 6 < limg 0 P(q). Together with the continuity of P, this assumption

ensures that there are gains from trade no matter the seller’s cost and the inverse demand.

Lastly, we assume that, once the buyer learns V', ex-post adjustments to output are
either infeasible or not worthwhile. Such adjustments may be prohibitively costly, or the
marginal value of additional output may be too low to justify the extra production cost. In

the absence of these frictions, uncertainty over V' is inconsequential.

In summary, (V*, F*) represents the buyer’s conjectured model, with V* capturing the
value of procuring output (with P* denoting its marginal value and D* the conjectured, or
estimated, demand) and F* capturing the cost technology. The buyer fears that the true

model may be some alternative (V, F') € V x F, where V x F is the relevant admissible set.

2.2 Procurement mechanisms

To elicit the seller’s private information and discipline procurement, the buyer offers a (direct)
mechanism M = (q,t). The quantity schedule g : © — [0, q] specifies the procured quantity
as a function of the reported cost, whereas the transfer schedule t : © — R specifies the total

payment.®

The mechanism M = (¢, t) is incentive compatible (IC) if, for all ,60" € ©,

u(f) = t(0) — 0q(0) = 1(6") — 0q(6") = u(¥') + (6" — )q(0).

8The focus on deterministic mechanisms is without loss in our setting because, for any given 6, the buyer’s
welfare is concave in ¢, and because Nature chooses (V, F') in response to M, in which case the buyer cannot
hedge by randomizing over the elements of the mechanism. As it will become clear from the analysis below,
the mechanisms that solve the designer’s problem remain optimal even if the designer expects Nature to
choose (V, F) simultaneously with her choosing M. This is because the solution to the designer’s problem is

a saddle point.



It is individually rational (IR) if u(6) > 0 for all § € ©. Because, given the quantity schedule
q, there is a bijection between the transfer schedule ¢ and the utility /rent schedule u, we will

often refer to a mechanism by (¢, ) instead of (g, t).

As is standard, M = (q, u)ﬁis IC and IR if and only if (a) g is weakly decreasing, and (b)
for all 0 € O, u(f) = u(f) + f; q(y)dy, with u(8) > 0.

Let M be the set of all IC and IR mechanisms. If the buyer’s gross value is V' € V and
the technology is F' € F, the buyer’s ex-ante welfare under the mechanism M = (¢,u) € M
is

WOLV.F) = [ (V{al6)) - a(6) - u(®)) F(d6),

where V' (q(0)) — 0q(6) — u(0) = V(q(0)) — t(0) is the buyer’s net value when the cost is 6.

2.3 Buyer’s problem

The buyer selects a mechanism through a two-step procedure.

Step 1 (guarantee maximization). Each IC and IR mechanism M € M is evaluated by
its welfare guarantee defined by
GM)= inf W(M;V,F).
VEV,FEF

The buyer then computes a short list of mechanisms comprising those with the highest

guarantee:

SL _
= M).
M arg max G(M)

Any mechanism M € M is thus worst-case optimal. A more permissive definition
of short list is the collection of all mechanisms for which the guarantee is no smaller than
a fraction v € [0, 1] of the maximal attainable guarantee (formally, M5 (y) = {M € M :
G(M) > ~yG(M')Y M' € M}. We discuss this possibility in the online supplement.’

9See also Andrews and Chen (2025) for a different problem but with a similar short list. That paper
considers a decision-maker (DM) choosing between a default action and an analyst-recommended action based
on data unobservable to the DM. The DM selects the recommended action if the following two conditions
are met: (1) the worst-case payoff of the recommended action is not too far below that of the default action;
and (2) the expected payoff of the recommended action under the DM’s model exceeds the expected payoff
of the default action, again under the DM’s model.



Step 2 (selection under conjectured model). Among mechanisms in the short list, the

buyer selects the one that maximizes expected welfare under the conjectured model (V*, F™*).

Definition 1 A mechanism M is robustly optimal if

M € arg max W(M';V* F*).
M'e MSL

3 Short-list characterization

We begin by deriving the maximal guarantee of an arbitrary IC and IR mechanism and show
that the worst-case welfare need not occur under the technology that places all probability

mass at 0, but always arises under the lowest possible demand function D.

Let
qe = arg max {V(q) — 0q} = D(0)

q€[0,q]
be the unique quantity that maximizes total surplus when V =V and 6 = 0; i.e., q, is the

efficient quantity at the lowest demand and highest cost. Define

G* =V (q) — fq,

the welfare when gross value is lowest, cost is highest, and the buyer procures q,.

Lemma 1 (guarantee) For any IC and IR mechanism M = (q,u) € M,

G(M) = inf {V(q(0)) — 0q(0) — u(0)} (2)

0cO

and

G(M) < G*. (3)

The first part of Lemma 1 highlights that Nature can reduce the buyer’s welfare more
effectively by selecting a cost § < 6. Since ¢ is weakly decreasing, the buyer procures more
from lower-cost types; thus, when Nature selects an inverse demand below P*, the welfare

loss from over-procurement can be larger at low 6.

10



The second part states that the welfare guarantee of any IC and IR mechanism cannot
exceed the total surplus obtained from procuring the efficient output q, when demand is
lowest and cost is highest. This follows because Nature can always choose the lowest demand

and a degenerate cost distribution at 6, in which case the buyer’s best response is to procure

qe-

The next lemma shows that the upper bound on the maximal welfare guarantee is tight
and fully characterizes the short list M5P.

Lemma 2 (short-list characterization) Take any IC and IR mechanism M = (q,u) €
M. Then, M € M5 if and only if (a) uw(@) = 0, and (b), for all € O,

V(q(0)) —0q(0) — | q(y)dy > G". (4)

%\Q}\

Worst-case optimality therefore imposes two additional constraints beyond IC and IR.
First, the highest-cost type 6 must earn zero rent: otherwise, Nature can select V and
a degenerate cost distribution at 6, reducing welfare strictly below G* regardless of ¢(6).
Consequently, for any M € M5 the rent schedule u is pinned down by the output schedule
q. Second, ex-post welfare under the lowest possible gross value function and zero rent for
f must be weakly above the maximal guarantee G*, for any cost 0. Sufficiency follows from
Lemma 1; necessity is shown in Appendix A by constructing a simple constant mechanism
that attains G*, namely one that procures q, from all types. This constant mechanism,
however, is only one element of a continuum in the short list. Indeed, Condition (4) is

equivalent to the requirement that (see Lemma 4 in Appendix D)
P(q(9))

1)y < / D(y)dy - / (D(y) — q(0)) dy, (5)

0

N J/

DWL(6,4(6))>0

%\m\

where the last term represents the deadweight loss incurred under V' when output ¢(6) is
procured instead of the efficient quantity D(#). Clearly, the efficient schedule ¢ = D satisfies

the robustness constraint in (5). More generally, the following holds:

Observation 1 (quantity bound) If M
with equality at 6.

(q,u) € M5L, then q(0) > q, for all § € O,

11



Proof: Since M = (g, u) belongs to M5 by Lemma 2, the robustness constraint (4) must
hold at 6:

V(q(0)) — 09(0) > G* = V(qr) — O > V(q(0)) — g (6).
Hence, q() = q,. Since ¢ is weakly decreasing, q(6) > q() = q, for all § € ©. |
Thus, any mechanism M = (¢, u) € M5® procures no less than q, from any type. For any

weakly decreasing schedule ¢ that procures ¢(6) € [qe, D(0)] from each type 6, the robustness

constraint in (5) reduces to

q(y)dy < [ min{D(y),q(0)}dy,

%\q:.\
%\m\

which is always satisfied, and, consequently, such a g corresponds to a mechanism in the
short list. Moreover, M5 also includes mechanisms that procure more than the efficient

output D(6) for some types—a feature that plays a key role in the analysis below.

4 Robustly optimal mechanisms

Using Lemma 2 and the standard “virtual surplus” representation of total welfare under the
conjectured model (V*, F*) (see Baron and Myerson (1982)), the buyer’s problem can be
written as follows. Recall the definition of the virtual cost function

F(0)
/()

Because F™ is regular, 2* is increasing. The robustly optimal quantity schedule then solves

2*(0) =6 + Voeo.

V*(a(9)) — 2 (0)a(0)| F*(a0) (ROPT)

max
q

\cb\“q}‘

subject to ¢ weakly decreasing, and

0
V(q(6)) — 04(6) — / )y > G Yoco.
0

12



Relative to Baron and Myerson (1982), this program introduces an additional robustness
constraint requiring that, for each § € ©, ex-post welfare under the lowest possible demand

exceeds the guarantee G*.
We denote a quantity schedule solving (ROPT) as ¢°F'T and then let MOFT = (¢OFT 4OFT)

be the mechanism corresponding to ¢°FT, with u®FT given by u°YT(0) = [ ¢°FT(y)dy for all

6.

S —

Let ¢®M be the Baron—Myerson quantity schedule, defined, for all 8, by

¢PM(9) = arg max [v*(q) - z*(e)q] — D*(2*(6)).

a€l0,q

Under regularity, ¢®™ is weakly decreasing. Because ¢®™ maximizes the virtual surplus
function over all weakly decreasing schedules and because robustness requires that ¢(6) > q,
for all 6 (see Observation 1 above), the following mechanism is a natural candidate for robust

optimality:

Definition 2 The Baron-Myerson-with-quantity-floor mechanism M* = (q*,u*) is
such that, for all 6,'°
¢ (0) = max{¢™(6), ac} (6)

and u*(0) = ffq*(?/)dy'

Proposition 1 (optimality of Baron-Myerson-with-quantity-floor) The mechanism

M* = (q*,u*) is robustly optimal if and only if

P(q*(0))
[Q(y) - q*(Q)] dy, (7)

o —
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*
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=
U
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As we show in the Appendix, jointly, the two conditions in the proposition are equivalent
to the requirement that the quantity schedule ¢* satisfies all the robustness constraints in
(5). Because ¢* maximizes virtual surplus over all weakly decreasing schedules ¢ satisfying
q(0) > qp for all 8, Baron-Myerson-with-quantity-floor is robustly optimal when, and only

when, these conditions hold.

Note that the majorization constraints in (8) are easier to verify than the constraints in
(5). In practice, it suffices to verify them at those points in which the schedule ¢* crosses
D from below.!! For example, in Figure 1 below, it suffices to verify that ¢*, in addition to

satisfying Condition (7), it satisfies Condition (8) at 6.

Corollary 1 (uniqueness of output schedule) If M* = (¢*,u*) is robustly optimal, then
any robustly optimal mechanism MOFT = (¢OFT uOFT) satisfies ¢°YT(0) = ¢*(0) for all

0>0.

Proof: When ¢* solves (ROPT), then it also solves the relaxed program where the objective
function is the same as in (ROPT) and the constraints in (ROPT) are replaced by the
requirement that ¢(f) > q, for all § € © (that the constraints in (ROPT) imply ¢(0) > qo
for all € © follows from Observation 1). Any solution to this relaxed program must coincide

with ¢* at almost all §. By continuity of ¢*, it must hold at all § > 6. |

Corollary 2 (no demand uncertainty) If V* = V (which is the case when there is no
demand uncertainty, i.e., when V = {V*}), then M* = (q*,u*) is robustly optimal. In this
case, the optimal mechanism features efficiency both at “the top” () and “the bottom” ().

Proof: When V* = V (i.e., when D* = D), ¢®™(0) < D*(0) = D(f) for all §. Because
a¢ = D(0) < D(0) for all A, we thus have that ¢*(f) < D() for all § € ©, which implies

UTn fact, Lemma 8 in Appendix D establishes that the function W (-,¢*) defined, for all § € ©, by
0

W(0,q*) =V (q*(0)) — 0g*(8) — [ ¢*(y)dy is weakly decreasing over an interval of types I C © if and only
0

if ¢*(0) < D(0) for all § € I. Hence, the local minima of W (-, ¢*) are either § € {6,0}, or points in which
q* crosses D from below. Once one has verified that Condition (7) holds, to verify that Condition (8) also
holds, it suffices to verify that it holds at points in which the schedule ¢* crosses D from below. If there are

no such points, and (7) holds, then all the robustness constraints in (5) hold and M* is robustly optimal.
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Figure 1: Baron-Myerson-with-quantity-floor.

that Condition (8) holds. Furthermore, because ¢®M(8) = D*(8) = D(8) > D(0) = qp,
7*(0) = ¢®™(9) = D(0), which implies that Condition (7) also holds. |

Figure 1 illustrates the output schedule ¢* when D* > D (equivalently, when V* > V).
The upward adjustment in the quantity procured from high-cost types, relative to the Baron—
Myerson benchmark, reflects the buyer’s need to sustain welfare close to the efficient level
when Nature assigns a higher probability to high costs than conjectured. Recall that the
downward distortions in the Baron-Myerson schedule ¢BM serve to limit the rents of low-cost
types. When high-cost realizations become more likely, these distortions lose their rationale.
Procuring more than q, from types in a left neighborhood of # would increase welfare in case
Nature selects the lowest demand but would not improve the guarantee and would instead

reduce welfare if the conjectured model is correct.

We now characterize the qualitative properties of robustly optimal mechanisms when

they differ from the Baron-Myerson-with-quantity-floor.

Let 6% be the unique solution to ¢®(6*) = q, when such a solution exists (which is the
case when, and only when, ¢®M(0) < qy); else, let * = 6. Next let W(-,¢*) be the function
defined, for all 8 € O, by

W(b,q") =V (q*(0) — 0q"(0) — / q*(y)dy

15



and let
" =max{6 : 0 € argmin W(y,q")}.
yeO©

Under regularity, 6™ is well defined and is the largest cost at which the function W (-, ¢*) at-
tains a minimum.'? Type 6™ plays a key role in characterizing robustly optimal mechanisms.
In particular, ™ = @ if and only if the Baron-Myerson-with-quantity-floor mechanism is ro-

bustly optimal.

Proposition 2 (robust optimality: general case) If Baron-Myerson-with-quantity-floor
is not robustly optimal, then 0™ < 0%, and every robustly optimal mechanism MOFT =

(qOFT, uOFT) has the following properties:

(a) ¢°YT(0) = ¢®M(0) for all 0 € (9,0™);
(b) ¢°FT () < ¢®M(0) for all 6 € (6™, 0%);

(c) ¢°FT(0) = qp for all 6 € [0%,0).

Figure 2 illustrates the structure of robustly optimal quantity schedules when they differ
from the quantity schedule in Baron—Myerson-with-quantity-floor. In general, robustness
entails upward adjustments in the quantity procured from high-cost sellers and downward

adjustments from intermediate-cost sellers, relative to the Bayesian optimum.

The upward adjustment (from ¢®M(0) to q,) for high-cost sellers prevents welfare losses
that would arise if Nature assigns higher probability to high-cost realizations than the buyer
anticipates. In contrast, the downward adjustment (from ¢®™(6) to ¢°FT(9) < ¢®™(0)) for
intermediate-cost types limits welfare losses from over-procurement when demand turns out
lower than conjectured. The benefit of these downward adjustments, however, vanish as
6 approaches 6 since welfare at such low costs (under M*) exceeds G* even when Nature

selects the lowest demand D.

Finally, by Lemma 10 in the Appendix, ¢*(6™) = D(6™). Because the quantity procured
from type 0™ is efficient under the lowest demand, the only way for the buyer to satisfy the

robustness constraint (4) at 6™ is to reduce the rent u(6™), which in turn requires lowering

12Under regularity, ¢* is continuous. Because © is compact and W(-,¢*) is continuous over ©, the set
{0:W(0,q*) <W(#,¢*)V 6} is non-empty and compact.
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Figure 2: Illustration of Proposition 2.

the output procured from types 6 > 6™. As shown in the Appendix, once the robustness
constraint is satisfied at 0™, it is automatically satisfied for all # < ™. As a result, no

adjustment (vis-a-vis the Baron-Myerson quantity schedule ¢®™) is necessary for § < ™.

5 Monopoly regulation

Now suppose there exists a downstream market for the good supplied by the monopolist,
and interpret D as the demand curve in such a market (with inverse P). In this situation,
procurement mechanisms can be interpreted as a form of quantity requlation, in which the
buyer acts as a regulator maximizing consumer surplus by controlling the quantity the mo-
nopolist supplies to consumers.!® Hence, the analysis in Section 4 fully characterizes robust

quantity regulation.

The regulator can alternatively influence market outcomes by regulating prices rather
than quantities. This motivates a new class of regulatory mechanisms, which we refer to as
price regulation. The latter has the advantage of allowing the quantity sold to adjust flexibly
to realized demand. However, as shown in Subsection 5.2 below, it also entails disadvantages

that make its overall desirability relative to quantity regulation ambiguous. Below, we first

131f the revenue P(q(0))q(0) is accrued to the monopolist, the mechanism (g, u) is implemented through
a transfer schedule #(0) = () — P(q(6))q(0), where t is the total transfer schedule corresponding to the

mechanism (g, u), and where P(q(6)) is the observed market price.
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characterize properties of robust price regulations and then identify conditions under which

each form of regulation dominates the other.'*

5.1 Price regulation

Price regulation consists of a price function p and a transfer function ¢. The price function
p : © — R specifies the price the regulator requires the monopolist to set for each reported

cost. The monopolist must then supply any quantity demanded by consumers at that price.

Because demand is uncertain, setting a price instead of a quantity exposes the monopolist
to uncertainty in profits. To ensure that the monopolist participates and reports truthfully
regardless of its beliefs or attitude toward uncertainty, the regulator must condition the final
transfer to the monopolist on the realized demand D € D, which becomes known ex post.
Importantly, this contingent transfer imposes no additional cost on the regulator: it neither

reduces the welfare guarantee nor lowers welfare under the conjectured model (D*, F™*).

Definition 3 A price regulation M = (p,t) is a pair of mappings
p:O—=R,and t:0xD—> R,

where p(0) is the price charged to consumers and t(0, D) is the transfer to the monopolist

when the cost report is 8 and the realized demand is D.

We maintain that, once the regulator and the monopolist observe the quantity D(p(f))
traded in the downstream market (either concurrently with or before learning the full demand
D), it is too late to make any adjustments to the price or the output supplied. As explained
in the previous section, in the absence of these natural frictions, demand uncertainty is

inconsequential.

The price regulation M= (p,t) is ex-post incentive compatible (EPIC) if, for all 6,0 € ©
and D € D,

t(0, D) — 6D(p(0)) > t(6", D) — 6D(p(¢"))-

4Under Bayesian analysis (i.e., when the regulator has a belief over ¥V x F and maximizes expected
consumer surplus under such a belief), price regulation always dominates quantity regulation in the sense
that consumer surplus under the optimal price regulation is larger than under the optimal quantity regulation.

This is not the case under robustly optimal mechanisms.
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It is ex-post individually rational (EPIR) if, for all # € © and D € D,

@0, D) = t(0,D) —0D(p(0)) > 0.

Let M be the set of all EPIC and EPIR price regulations. For any M € Mv, demand
D € D, and technology F' € F, welfare (consumer surplus) is given by

W(M:D,F) = / @(0, M; D)F(d0)

where, for all § € ©, M e Mv, and D € D,
D(p(0))
@0.350)= [ D7 )dy— 0D(p(0)) — 0. D).
0

The welfare guarantee of any price regulation M e M is given by

G(M)= inf W(M:D,F).

DED,FEF

The short list of price regulations is given by

M = arg @a,va(M).
MeM

Recall that the maximal welfare guarantee for quantity regulations is G* = V(q,) — fq,
as shown in Lemma 1, where q; = D(f) is the efficient quantity when § = 6 and D = D

(equivalently, when P = P and V' = V). This same guarantee applies to price regulations:

Lemma 3 (short list of price regulations) If M € ML, then G(M ) G*. Moreover,
M= (p,t) € MSL if and only if (a) p is weakly increasing, (b) for all € © and D € D,

6, D) = (8, 0) + | Dp(w)dy )
with @0, D) > 0 and @(0,D) = 0, (c) p(d) = 0, and (d) for all § € © and D € D,
@0, M; D) > G*.

Corollary 3 (equivalence under worst-case optimality) The mazimal welfare guaran-

tee over all price regulations equals that under quantity requlations.
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Nature can always select the lowest possible demand D and highest cost . The maximal
welfare at (D, f) is attained when the monopolist supplies the efficient output q,. Whether
the regulator enforces g, by fixing the price at marginal cost or by directly imposing that
quantity is immaterial. However, as shown in Subsection 5.2, identical guarantees do not

imply that the two mechanisms yield the same welfare under the conjectured model.

A simple way to attain G* is to set p(f) = 0 for all § € © and (A, D) = 0 for all
D € D. Yet many other price regulations yield the same guarantee, motivating the use of
the conjectured model (D*, F*) to select among them. Notably, any price regulation in the
short list must set p(f) = 6 and leave zero rent when 6 = § and D = D, as only these choices
achieve G* in the worst case. Unlike with quantity regulation, however, the price function

does not uniquely determine transfers, since 12(5, D) may be positive for D # D.

Definition 4 A Baron-Myerson-with-price-cap regulation is a pair (p,t) such that

p(6) = min{=*(9),9) (10)

for all 0 € ©, and the induced rent schedule u(0, D) = t(0, D) — 0D(p(0)) satisfies

a(0, D) = a(0, D) + | D(p(y))dy V0ecO,VDeD,

q}\co\

D(6)
0<a@,D)< / DY (y)dy — 0D(0) — G* Vv DeD\{D,D*} (11)
0
i(0, D) = (0, D*) = 0.
All such regulations share the same price schedule, but differ in their transfer schedules.

Proposition 3 (optimality of Baron-Myerson-with-price-cap) FEvery Baron—Myerson-
with-price-cap requlation is robustly optimal. Moreover, in every robustly optimal price reg-
ulation MOPT = (FOPT GOPTY for any 6 > 6, p°PT(#) = min{z*(0), A}

Under the conjectured model (D*, F*) with gross value function V*, the virtual surplus
V*(D*(p)) — z*(0)D*(p) is quasi-concave in p and maximized at p = z*(#) for all § € ©.

The constants {u°FT(#, D)} can then be chosen to satisfy all the constraints in Lemma 3.
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Figure 3: Robustly optimal price schedule.

Corollary 4 (robustly optimal price schedule) The unique robustly optimal price sched-
ule is invariant to both the conjectured demand D* and the set of admissible demands D. It
sets a markup of F*(0)/f*(0) at each cost 0, capped at 0.

Figure 3 illustrates the result. By committing to rent payments contingent on realized de-
mand and setting a cost-dependent markup—based solely on F*—capped at 8, the regulator

maximizes welfare regardless of the uncertainty over demand or technology.

5.2 Quantity vs price regulation

Corollary 3 establishes that the maximal welfare guarantee—the highest welfare achievable
under the worst-case scenario—is the same for both price and quantity regulation. However,
the maximal welfare attainable under the regulator’s conjectured model (D*, F*) over the

short list of worst-case—optimal regulations may differ between the two types of regulation.

The following definition formalizes what it means for one type of regulation to dominate
the other:

Definition 5 Price requlation dominates quantity regulation if
W(MOFT; D*, ) > W/(MOPT; v, F) (12)
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Figure 4: Graphical illustration of Proposition 4.

(strictly if the inequality is strict). Conversely, quantity requlation dominates price requlation
of

W(MOPT; V> F*) > W(MOPT; D, F¥) (13)
(strictly if the inequality is strict). Price and quantity requlation are equivalent if (12) and
(13) jointly hold.

Proposition 4 (quantity vs price regulation) (1) If the Baron-Myerson-with-quantity-
floor mechanism is robustly optimal, quantity requlation dominates price requlation (strictly
if D*(0) > D(0)). (2) If the Baron-Myerson-with-quantity-floor mechanism is not robustly

optimal and D*(0) = D(0), price requlation strictly dominates quantity regqulation.

Panel A of Figure 4 illustrates the quantity schedules ¢°T and D*(p°FT) under the
conjectured demand D* for the first part of Proposition 4. Panel B illustrates the second

part.

The intuition for the first part is as follows. When the Baron-Myerson-with-quantity-
floor mechanism is robustly optimal, both regulations induce the monopolist to supply the
same output at low costs under the conjectured model. For high costs, however, the output
under the optimal price regulation can exceed that under the optimal quantity regulation.
This occurs because the price is capped at 0, leading the monopolist to supply D*(6) under

the conjectured demand, which exceeds gy, the quantity supplied under the optimal quantity
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regulation, when D*(#) > D(#). This oversupply increases the distance from D*(z*()), the
Bayesian optimal quantity under the conjectured model (D*, 6), reducing welfare relative to

quantity regulation (see Panel A of Figure 4).

For the second part, when the Baron-Myerson-with-quantity-floor is not robustly optimal,
quantity regulation requires downward adjustments in output for intermediate costs to avoid
over-procurement under low realized demand. These adjustments reduce welfare under the
conjectured model. Price regulation, by contrast, automatically adjusts output in response
to realized demand, avoiding this cost. Provided the price cap p = 6 does not induce over-

procurement for high costs—which is the case when D(#) = D*(6)—price regulation strictly

dominates.

The following is an implication of the previous results and can be seen directly by com-

bining Propositions 1 and 3.

Corollary 5 (equivalence in the absence of demand uncertainty) If the regulator faces

no demand uncertainty, price and quantity requlations are equivalent.

Without uncertainty, it does not matter whether the regulator achieves the desired output
by fixing a price or specifying a quantity. More interestingly, combining Propositions 1 and

4, one can show the following;:

Corollary 6 (quantity vs price regulation: primitives) (1) Quantity requlation strictly
dominates price requlation when the downward uncertainty over demand (captured by D*(p)—

D(p)) is concentrated at high prices and vanishing at 0 (i.e., D*(0) = D(0)), and, in addi-

tion, the inverse hazard rate F*(p)/f*(p) is large for most p € ©, in the sense that, for all

0 e 0o,

AmMWW+P@UWMMW®§AQ@®- (14)

(2) Price regulation strictly dominates when downward uncertainty is concentrated at low
prices and vanishing at 0 (i.e., D*(0) = D(0)), and, in addition, the inverse hazard rate
F*(p)/f*(p) is small for most p € O, in the sense that either

émeW+P@ﬁ%mgm®>éQ®@ (15)
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for some 6, or

max{D*(p + F*(p)/ f*(p)); D(0) }dp >

\m\%‘
\%\%‘

p)dp — / — D*(@))dp. (16)

The corollary thus suggests that, to determine which type of regulation is preferable, the
regulator should examine (a) whether uncertainty over the demand is primarily at low or
high prices, and (b) whether the estimated technology (distribution F*) selects primarily

low or high costs.

6 Conclusions

We study a buyer’s procurement problem under model uncertainty about both the gross
value of output and the seller’s cost technology. The buyer first protects herself by identi-
fying all mechanisms that maximize the welfare guarantee across a set of plausible models.
Because this set generally contains multiple mechanisms, the buyer then selects the one that
maximizes expected welfare under her conjectured model—estimated or calibrated from past
data. This two-step approach, combining worst-case optimality with model-based evalua-
tion, offers a disciplined and practically relevant framework for mechanism design under

uncertainty.

We characterize conditions under which the robustly optimal mechanism coincides with
the Bayesian mechanism, except for the presence of a quantity floor that safeguards the
buyer against higher-than-expected costs. These conditions always hold when uncertainty
concerns only the seller’s technology. When the buyer is also uncertain about the gross value
of output, robustness further requires a downward adjustment in the quantity procured from
intermediate-cost sellers. Thus, the range of quantities procured by the buyer is compressed

from below, relative to the Bayesian optimum.

We then extend the analysis to environments in which a continuum of atomistic consumers
in a downstream market purchase from the monopolist, and study optimal regulation. Unlike
standard Bayesian analyses, our results show that price regulation need not dominate quan-
tity regulation; we then derive primitive conditions under which each regulatory instrument

is optimal.
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The approach and techniques appear readily portable to other design problems—for
example, settings in which the designer is a seller facing uncertainty about its cost structure
and/or the demand for its output. We therefore expect the findings to yield valuable insights

for a broad class of design problems in which uncertainty plays a prominent role.

A Proofs of Section 3

Proof of Lemma 1. Fix any (V, F') € V x F, and observe that

WMV, F) = / [V(q(0)) — 0q(0) — u(0)] F(d0) =(a) / V(q(0)) — 0q(0) — u(0)] F(d0)

> 1nf{V(g(6)) — 69(6) — u(®)}.

where inequality (a) follows from the definition of V. Hence,

G(M) > inf {(V(4(0)) — 04(0) — u(0)}: (17)

Because V € V and, for each 6, the Dirac distribution that puts probability mass one at 0

is in F, we have that, for all 8,
G(M) < V(q(0)) — 0q(0) — u(8). (18)

Combining the inequality in (18) with the inequality in (17), we obtain Condition (2).

Finally, using (2), we obtain that

G(M) < V(q(B)) — 0g(6) — u(f) < V(g(0)) - 0q(0) < V(ar) — fae = G,
where the second inequality follows from IR and the third inequality follows from the defi-
nition of q,. This establishes (3). [

Proof of Lemma 2. First, we show that there exists an IC and IR mechanism that delivers
the welfare guarantee upper bound in (3). Consider the constant mechanism My = (g, ur)
that asks each type @ to produce q, and pays fqg; that is, q(f) = q, and t1,(f) = Oqy, for
every 0 € © (yielding a rent ur(0) = (§ — 0)q, to each ). The mechanism M}, is clearly IC

and IR. Under the mechanism M}, when the marginal cost is 6 and the gross value function
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is V, the buyer’s welfare is equal to V (q,) —0q,—ur(0) = V(qr) —0q,— (0 —6)q, = G*. Hence,
infy {V (q(0)) — 0q(0) — u(f)} = G*. Condition (2) in Lemma 1 then implies G(M) = G*.
By Lemma 1, we have that M, € M5, Condition (3) in Lemma 1 in turn implies that, for
any M € MSL, G(M) = G*. For a mechanism M = (q,u) to be IC and IR, it must be that

q is weakly decreasing and, for all 6,

u(6) = u(®) + / o(y)dy, (19)

with «(@) > 0. Condition (2) in Lemma 1 in turn implies that, if M € M3, then, for all 4
V(q(0)) — 0q(0) — u() = G".

This is possible only if u(f) = 0 (else, the constraint is violated at #) and, for any 6, constraint
(4) holds. We conclude that any M € M5 must satisfy constraint (4).

Next, we establish that any IC and IR mechanism M € M with u(#) = 0 satisfying constraint
(4) is in the short list. To see this, observe that, by Condition (2) in Lemma 1, G(M) > G*.

Since every mechanism in M5" has a welfare guarantee of G*, we conclude that M € M5

B Proofs of Section 4

Proof of Proposition 1. By Observation 1, if M = (g,u) € M5, then ¢(#) > q, for all
6 € O. The following is thus a relaxation of the problem (ROPT):

max
q

V*(a(8)) - 2 (8)a(0)| F*(a0) (RP)

\%\%‘

subject to ¢ weakly decreasing

q(G)qu Voeo.

That the quantity schedule ¢* satisfies the constraints in the relaxed problem (RP) follows
from the fact that, when F* is regular, ¢®™ is decreasing and hence ¢* is weakly decreasing.

That g* also satisfies the other constraint of the relaxed problem follows directly from its
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definition. Next, observe that, for any 6, the function V*(q) — 2*(0)q is concave in q and
attains a maximum at ¢®™ (). Therefore, the quantity schedule ¢* maximizes the objective
function in the relaxed program over all weakly decreasing functions ¢ satisfying ¢(6) > q,
for all 6.

To complete the proof, it suffices to show that ¢* satisfies the robustness constraints in
(4) if and only if Conditions (7) and (8) in the proposition hold. We start with the following

Lemma, which is proved in Appendix D.

Lemma 4 Take any weakly decreasing function q : © — Ry. (1) For any 6 € ©, constraints
(4) and (5) are equivalent. (2) The following statements are equivalent: (a) the inequality in
(5) holds for all § € ©; (b) the inequality in (5) holds for 6 € {6,0} and, for all 6 € (6,0),

q(y)dy < | D(y)dy. (20)

%\Cb\
CD\Q:\

We now use the lemma to complete the proof of the proposition. Suppose that (¢*, u*) is
robustly optimal. Then ¢* satisfies Condition (4) for all § € ©. Part (1) of Lemma 4 implies
that this is equivalent to ¢* satisfying Condition (5) for all € ©. Part (2) of Lemma 4 in
turn implies that ¢* satisfies (7) and (8).

Conversely, suppose that ¢* satisfies (7) and (8). This means that ¢* satisfies (20) for all
0 € (0,0), and, in addition satisfies Condition (5) for § = . Now observe that, if ¢* satisfies
Condition (20) for all @ € (§,0), then ¢*(f) = q. To see this, suppose that ¢*(6) > q,. The
continuity of ¢* and D then imply that there is a left-neighborhood of 8 of positive measure
where ¢*(6) > D(6). This, however, implies that Condition (20) is violated for some ¢’ < 6,
a contradiction. We conclude that Conditions (7) and (8) in the Proposition imply that
q* satisfies Condition (5) for € {6,0} and Condition (20) for all all 6 € (6,60). Parts (1)
and (2) of Lemma 4 then jointly imply that ¢* satisfies all the robustness constraints in (4).

Hence, (¢*,u*) is robustly optimal.

Proof of Proposition 2. We start by establishing that, when the Baron-Myerson-with-
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quantity-floor mechanism is not robustly optimal, then the largest 6 at which W (6, ¢*)

reaches a minimum is strictly below 6*.

Lemma 5 If M* = (q*,u*) is not robustly optimal, then 0™ < 0. Moreover, 0™ < 0* and

Proof: We first establish that ™ < 6. Assume, towards a contradiction, that 6™ = 6.
Then, W (6, q*) > W (8, q*) for every 6 € ©. Moreover, we must have that ¢*(6) = q,. To see
this, suppose q*(@) > q¢. The continuity of ¢* and D then implies that there exists a left-
neighborhood (61, 0] of  of positive Lebesgue measure in which ¢*(8) > D(#). Lemma 8 (in
Appendix D) then implies that W (-, ¢*) is increasing over (1, 0], a contradiction to ™ = 6.
Thus ¢*(0) = q, and W (0, ¢*) = G*. That ™ = 6 then implies that W (6, ¢*) > G* for every
6. The schedule ¢* thus satisfies all the robustness constraints in (4). As established in the
proof of Proposition 1, ¢* also solves the relaxed problem (RP). Therefore, M* = (¢*,u*)

must be robustly optimal, a contradiction.

Next, we show that ™ < 6* and ¢*(0™) = ¢®M(0™). If 6* < 0, then for every 6 > 6*,
q¢*(0) = q and W(0,¢*) = G*. Because W (6™,q¢*) < G*, it must be that ™ < 6*. Next
suppose that 6* = 6. Because #™ < 0, we thus have that ™ < 6*. That ™ < #* in turn
implies that ¢*(0™) = ¢®M(0™). [

Now let

Q:={q:10,0] = [qq] : ¢ weakly decreasing and ¢(#) = q},

and note that Q is a convex set. Using Lemma 4, we have that the optimal quantity schedule

q°FT solves the following problem.

e [ [17(a(6) ~ = (©)a(0)] 7 (0)20

qeQ

subject to (FP)
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V(q(0)) — 8q(0) — /Q(y)d?/ > G" (Rob-low)

Note that since every ¢ € Q satisfies ¢(f) = qy, the robustness constraint is satisfied at 6 = 6,
which explains why it is not explicitly included in (FP).

For any 6 € (0,60), let A(§) > 0 be the Lagrange multiplier associated with the constraint
in (Maj). Similarly, let © > 0 be the Lagrange multiplier associated with the constraint in
(Rob-low). For any ¢ € Q, A: (0,0) — R, and p > 0, let

0
clahm = [ [VV(ale)) - = 0)a0)] £ (0)a6
0
0 0
+ [0 | [ 0w - aw)ay| as
0 0

+ M[K(Q(Q)) —04(0) — [ aly)dy — G*]

\%\w

be the Lagrangean function associated with the above optimization problem.

For any 0 € [0,0], let A(6; \) := fae A(y) dy,' and note that

0 0 0
[ 20| [ @) - atw)a| a6 = [ a@:)[006) - a(0)]ao.
0 6 0
Using A, the Lagrangian function £(q; A, i) can be rewritten as

Llg ) = [ [V(a(6) == (0)a(0)] £(6)d0

\%\;Q‘

+ [ 40:0[0) - 0] a0+ [V 0@) - 00) - [ atwray -]

\Q:\CM

5Even if A is defined only for § € (8,0), A(6;\) is defined also for 6 € {6, 0}.
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= [ [rtaten - (= + 5 )aw)] oy
+ [ M@0 + 1 [V(a(0) - 0a(0) - &), (21)

Note that the second term in (21) is independent of ¢ and the last term depends on ¢
only through ¢(#). The proof below takes advantage of these two properties.

We now apply the necessity theorem of Luenberger (1997) (Theorem 1, Page 217). To
apply this theorem, we let Q := {q : [6,0) — [q,q] : ¢ is weakly decreasing}. Note that
the only distinction with respect to Q is that the policies in Q are not defined for 6 = 6.
However, because any policy in O satisfies q(0) > qp all § € [6,0) and because robustness
requires that ¢(f) = q,, such a redefinition is inconsequential and only serves the purpose
of guaranteeing that the constraint qualification in Luenberger’s theorem is satisfied. The
theorem then implies that there exists a function AT : (8,6) — R, and a scalar x°FT >0

such that

¢OPT € arg max £(q; \°PT, 4OPT), (22)
qeQ
0 0
/)\OPT / OPT( )) dy| df =0, (23)
0 0
LOPT [K<qOPT(Q>) — 9¢OPT(0) — G*} —0. (24)

Now, given ¢°FT(0), let

Q7 (¢°FT(0) == {q: (8,0) = [qr, ¢°"T(9)] : q weakly decreasing}.

That ¢OFT satisfies (22), along with the fact that the last two terms of (21) do not

OPT

depend on the value that ¢ takes over (#,6) implies that ¢ must attain the supremum of

the following auxiliary problem, indexed by ¢®FT(6):

[ et — (o ATO O
o / V() - (+0) + S )a0)] £(6)d6.  (UNCONST)
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where, for any 6 € (6,0),
ACPT(9) .= A(0; NOFT).

The term in square brackets in the integrand in (UNCONST) is separable in ¢(#) and
6, in the sense of Toikka (2011). The solution can thus be obtained by ironing the modified

virtual cost

AOPT I OPT _

M) = 2*(0) +
as follows. For any ¢ € [0, 1], let

ol
W) = M((F)NS),  H(G) = / h() d.

Let H := convH be the convex hull of H, i.e., the highest convex function on [0, 1] such that
H < H. Because H is convex, it is continuously differentiable, except at possibly countably
many points. At all ¢ at which H is differentiable, let

and then extend h to all [0, 1] by right continuity; that is, at any ¢ at which Hl((b) does not
exist, let h(¢) be the right-derivative of H at ¢. For any 6 € [0, 6], then let

24(0) = h(F*(0))

be the ironed modified virtual cost. Theorem 3.7 in Toikka (2011) then implies that ¢®F"
attains the supremum in (UNCONST) if and only if

(a) for almost all 0 € (6, 0),

OPT * M
0) € ar max [V —z" (0 ],
1 (6) gq€[qz7qOPT(Q)] (@ ()

(b) for all open intervals I C © such that H(F*(0)) < H(F*(#)) for all § € I, ¢°F7 is

constant over I (pooling property).

For any 6 € ©, the function V*(q) — 2™ (0)q is strictly concave in ¢, with a unique maximum
at
4(0) == D*(z"(9)).
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Because 2" is weakly increasing, ¢ is weakly decreasing. Hence, for all 6 € (6, ),
Qe if ¢(0) < qe,
¢°TH0) = {d0) i d6) € [a, a1 ()], (25)

qOPT(Q) if d(@) > qOPT(Q).

Now let iy := inf{f € © : A9PT(0) + u°PT > 0}. Note that {# € © : AOPT(9) +
pCfT > 0} # 0. To see this, observe that, if A°PT(6) + pOFT = 0 for all # € O, then
the BM-with-quantity-floor schedule ¢* satisfies the optimality condition (22) and hence it
is robustly optimal. This contradicts the assumption that BM-with-quantity-floor is not
robustly optimal. Moreover,

Oing < 0. (26)

To see this, note that, when 6;,; > 6* then ,uOPT = 0. But then again the BM-with-quantity-
floor schedule ¢* satisfies the optimality condition (22) and hence it is robustly optimal,

contradicting the assumption that it is not.

The rest of the proof is in two steps. Step 1 establishes that

qOPT(e) = qBM(9> v (9 € (Qa einf]a
¢°FT(0) < "M(9) V0 € (O, 07),
") =q  VOe0r,0)

Step 2 establishes that 6;,; = 0™.

STEP 1. Observe that the definitions of 2™ and 6., along with the monotonicity of A°FT
implies that zM(0) = 2*(0) for all 0 € (0, 0:), whereas 2 (0) > 2*(0) for all § > By
To prove the result in Step 1, we use Lemma 9 in Appendix D, which establishes that a
similar relation holds between zM and z*. Namely, zM(0) = 2*(0) for all § € (0, 6int), and
ZM(0) > 2*(0) for all § € (Oiy, 6%).

To see how this lemma implies the result in Step 1, start by picking any 6 € (6, 0%).
By Lemma 9, zM(0) > 2*(), which implies that ¢(f) < ¢®™(#). Condition (25) then
implies that, no matter whether ¢°*T(0) = q;, ¢°YT(0) = ¢(0), or ¢°FT(9) = ¢°FT(0),
g () < ¢"M(0).

Next consider the interval [6*, 0]. By Lemma 9, there exists ¢ > 0 such that 2 () > z*(6)

for all @ € (0% — ¢,0*). Because 2* is increasing and continuous, and z* is weakly increasing
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and right-continuous, we have that zM(6*) > 2*(9*). This further implies that z(6) >
2*(0%) for all § € [0*,0] because 2V is weakly increasing. As a result, for all § € [9*, 6],
q(0) = D*(2(0)) < D*(2*(6*)) = qu. Condition (25) then implies that ¢°FT () = q, for all
0 € [60*,0).

Finally, consider the interval (6, 6,]. When 6;,; = 0 the result holds vacuously. Thus
suppose that €, > 0. The definition of #;,; then implies that A°YT(0) + p°FT = 0 for all
0 € (0,6i). That ¢OFT satisfies (22) then implies that ¢°FT(0) = ¢®™(0) for all € (0, bins).

To see this, suppose that this is note true and consider the quantity schedule

M) if 0 € [0, 0]
OFT(0) if 0 € (01, 0).

Note that the schedule g is weakly increasing because (a) both ¢®™ and ¢®F" are weakly de-
creasing, (b) ¢®™ is continuous, and (c) ¢°FT(0) < ¢BM(0) for all 6 € (B¢, 6%), as established
above. But then £(q; \OFT, uOPT) > L(¢OFT; \OFT 1,OPT) contradicting the fact that ¢°F'T
satisfies Condition (22). This completes the proof of the Step 1.

STEP 2. We now prove that 6,y = ™. From Lemma 5, we know that 6™ < 6*. The next

lemma leverages this property to establishes that 6™ < 6.
Lemma 6 If 0™ < 0*, then 0y, > 0™.

Proof: Assume, towards a contradiction, that f;,; < 8™. Thus, 0 < 0,y < 0™ < 0*. The
result in Step 1 in the proof of this proposition then implies that ¢®FT(0) < ¢BM(0) for all
0 € (Oins, 0™]. Then, let M = (G, ) be the mechanism where the quantity schedule is given
by
OFT(0) if 0 € [0, 0n)
q(0) = ™M) if 0 € [Bine, 0™

¢°FT(0) otherwise

and where @(6) = f;_ G(y)dy for all @ € ©. The result in Step 1 in the proof of this proposition
implies that ¢°PT(0) = ¢®M(0) for 0 € [0, 0in¢), and therefore, § is weakly decreasing. Because
G is weakly decreasing and u satisfies the envelope formula, M is IC and IR. Below, we first
show that M vields a higher welfare to the buyer than MOPT, and then that M € MSL,
contradicting the optimality of MOFT.
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Under the model (V*, F*), the buyer’s expected welfare when the selected mechanism is

—~

M is

[V (a(9)) - = (0)d(0)| F*(a0)

\%\%‘

whereas it is equal to

[V (¢°7"(8)) = (0)a°"" (6) | F*(d6)

\Cb\qb‘

when the selected mechanism is MOFT. Than the first integral is greater follows from the fact

that, for any 6, V*(q) — 2*(0)q is strictly concave in q reaching a maximum at q = ¢"™().

We now show that ¢ satisfies the robustness constraints. Clearly, this is true for any
6 > 0™, because, for any such 8, W (0, G) = W (0, ¢°FT). Thus consider 6§ € [0, 0™]. Because
for any 8 < 0™, G(0) = ¢®M(0) = ¢*(0), we have that, for any § < 9™,

W(0,4) — W (0, ¢") = / ¢ ()dy - / P (y)dy
)

Inequality (a) follows from the fact that D(6™) maximizes V(q) — 8™q over Ry along with
the facts that (a) ¢®™(0™) = ¢*(6™) (by the fact that 6™ < 6*) and (b) ¢*(6™) = D(6™) (by
Lemma 10, stated and proved in Appendix D, along with the fact that ™ > 6). Therefore,
for any 6 < 0™, W(0,q) — W(0™,¢°FT) > W(0,q") — W (6™, ¢*) > 0, where the last in-

OPT

equality follows from the definition of 6. Because ¢ satisfies the robustness constraints,

W (6™, ¢OPT) > G*. Hence, W(6,G) > G*. We conclude that M € MS" and yields a strictly
higher expected welfare to the buyer than M©FT, contradicting the optimality of M°FT. B

The next lemma shows that, if 8;,; > 6, the robustness constraint binds at ;..

Lemma 7 Suppose Oy > 0. Then W (0, ¢°FT) = G*.
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Proof: By definition of Oy, for all § < Oy, pOFT+ A°FPT(9) = 0, which implies that p°FT =
0. Furthermore, there exists § > 0 such that A°YT(8) > 0 for almost all 8 € (bint, Oins + 0).
Now, define

0
S0,¢°7") = / (D(y) ="M (y)dy  VoeoO.
6

Because ¢OF7T satisfies (Maj), S(6,¢°FT) > 0 for all § € (0, 6). We first argue that S(6ius, ¢°FF) =
0. To do so, observe that the complementary slackness conditions associated with the (Maj)

constraint (23) imply that

0
/ AOPT(9)5(6, ¢°PT)dg = 0.
0

Because, for all § € (6,0), S(0,¢°"") > 0 and AOFT(9) > 0, the complementary slackness
condition is satisfied by ¢°FT if and only if A°FT(9)S(0,¢°FT) = 0 for almost all § € ©.
Because A°PT(0) > 0 for almost all 6 € (fint, Oins + J), we thus have that S(6,¢°FT) = 0 for
almost all 0 € (Oyr, 0ins + 6). This means that there exists a sequence {6, }, with 6, > ;¢

such that lim,,_, 6,, = Oin¢ and S(6,,¢°FT) = 0 for all n. By continuity of S, we thus have
that S (0, ¢°FT) = 0.

Next observe that Lemma 4 implies that

P(q°FT (Oinr))

w(ginfa QOPT) - G* = S<01nf7 qOPT) - / (Q(y) - qOPT(Qinf)) dy (27)
einf
The last term in the above expression is the dead-weight loss of procuring ¢°FT (6;,¢) instead of

D(0;n) when the marginal cost is 6;,¢ and the demand is D. Because this term is non-negative
and because S(0i,¢, ¢°FT) = 0, we conclude that W (0., ¢°FT) < G*. Because ¢°FT satisfies
the robustness constraints, W (fin¢, ¢°FT) > G*. We thus conclude that W (6, ¢°F1) = G*.
|

We now show that the last two lemmas imply that 8™ = 6;;;. From Lemma 6, we already
know that 6y, > 6,,. Now suppose that Oy > 6,,. Then, inequality (26) implies that
0 < 0™ < 0y < 0*. Now, observe that

W (Bhat, a°T) = W(O™, ¢%77) = [V(0° (Bu)) = Ornea™ ™ (Bu)| = V(0077 (07)) = 0777 (67)]
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+ [ d”"T(y)dy

/

= [V (Ohue)) = usg™ (Bur) | = [V (™ (07)) = 04" (07)
Oing

+ [ ™M (y)dy
/

= W(Bur q") — W(0", ")

0.

V

The second equality follows from the fact that ¢°YT(0) = ¢®M(0) for all 0 € (0,0, as
establish in Step 1. The inequality follows from the definition of #™ and the fact that 6™ <
Oint. But this implies that W (0, ¢°FF) > W (0™, ¢°FT) > G*, where the inequality follows
from the fact that ¢°FT satisfies the robustness constraints. However, that W (6i,¢, ¢°FT) >

G* contradicts Lemma 7, which establishes that if f,; > 0, then W (6, ¢°F7) = G*.

We thus conclude that 6, = 6,,, as claimed. This concludes the proof of the proposition.
|

C Proofs of Section 5

Proof of Lemma 3. First, we show that G(M) < G* for any M = (p,t) € M. To
establish this, we equivalently represent the mechanism as M = (p, @), where (0, D) =
t(6, D) — 6D (p(8)) for all € © and D € D. Observe that, for any M € M,

G(M) <) V(D(p(®))) — 8D(p(®)) — (6, D)
<4y V(D <<5>>>—eD< 9))
<(iiy V.(D(9)) — 0D (B)
=G".

Inequality (i) follows from the fact that the right-hand-side is just expected welfare under
a Dirac distribution that puts probability one at §, when the demand is D. Inequality (i7)
follows from the fact that @(f, D) > 0 as M is EPIR. Inequality (i77) follows from the fact
that

§ = argmax {V(D(p)) = 0D(p)} -

36



Next, to prove that G(M) = G* for any M e MSL, it suffices to note that there exists a
mechanism M € M such that G(ﬂ) = G*. Let M = (p,t) be the price mechanism such
that p(#) = 6 for all # € ©, and where t(#, D) satisfies Condition (9) with %(6, D) = 0 for
all # € ©, all D € D. Under such a mechanism, for all # € ©, all D € D, welfare is equal to

V(D(B)) — 6D(F) - / D(@B)dy = V(D () - 9D() > V(D)) - 6D(F) = .

In turn, this means that, for all FF € F and D € D, W(M/, D, F) > G*, which implies that
G(M) =G".

We now prove that, if M = (p,u) € ./WSL, Conditions (a)-(d) in the lemma must hold. By
standard arguments, that M is EPIC and EPIR implies that p is weakly increasing and «
satisfies Condition (9) for all § € © and D € D, with @(6, D) > 0. That p(d) = 6 and
@(0, D) = 0 follows from the fact that the only way welfare can be equal to G* when Nature
selects D = D and a technology that selects @ = 6 with probability one is by inducing efficient
output by setting a price p(f) = 6, and giving no rent to the monopolist, which amounts to
setting @(f, D) = 0. That @ (0, M; D) > G* must hold for all § € © all D € D follows from
the fact that, if this is not the case, then G(M) < G*, a contradiction to M € MSE,

Finally, to see that, jointly, Conditions (a)-(d) imply that M € MSL, observe that Conditions
(a)-(c) imply that M is EPIC and EPIR. Furthermore, Condition (d) implies that G(M) >
G*. By inequality (iii) above, we thus have that G(M) = G*. The first part of the lemma
then implies that M € M5, [ |

Proof of Proposition 3. By standard arguments, for any EPIC and EPIR price regulation
M= (p,t), expected welfare under the conjectured model (D*, F*) is equal to

0
/ v* D*(p(6))) — =*(0) D*(p(0))| F*(d6) — (8, D*).
0

Any robustly-optimal regulation thus maximizes this expression subject to the short-list

constraints in Lemma 3.

Consider a relaxed program, where:

e the constraints in Conditions (a) and (c) are relaxed to p() < @ for all 6 € O,
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e the constraints on {@(6, D)} ,,.p in Condition (b) are replaced by @(f, D*) > 0,

e the constraints in Condition (d) are dropped.

Any solution to this relaxed program is such that (#, D*) = 0 and, for any § > 6, p(6) is as in
the Baron-Myerson-with-price-cap regulation. This is because, for any 6 € ©, the expression
V*(D*(-)) — 2*(8)D*(-) is quasi-concave in p. The unique maximizer of this expression over
[0,6] is thus p(f) = min{z*(6),0}. Because p is non-decreasing, any solution to the relaxed
program is then such that p(#) = min{z*(9), 0} for all § > 0.

Equipped with this result, we now show that when the rent function u satisfies the con-
ditions in Definition 4, all the remaining properties of Lemma 3 are satisfied, implying that
the mechanism is in the short list. First note that, Condition (b) in Lemma 3 trivially holds.
Since z* is increasing, Condition (a) is also satisfied. Since z*(f) > #, Condition (c) also
holds. To complete the proof, it thus suffices to show that Constraint (d) is satisfied. No-
tice that Condition (11) implies that, when M is a Baron-Myerson-with-price-cap regulation
@(, M, D) > G*. Now, pick any § < 0. Observe that z*(6) > 6, and hence, D(2*(8)) < D(6)
(i.e., for any demand curve D, the quantity traded under any Baron-Myerson-with-price-cap
regulation when the cost is 6 is below the efficient level D(f)). Lemma 8 then implies
w(-, M; D) is weakly decreasing in 6. Thus, w(6, MOPT; D) > w(h, M; D) > G*. |

Proof of Proposition 4. The proof is in two parts, each establishing the corresponding

claim in the proposition.

Part (1). If MOPT = M*, then ¢°P7(0) = max{¢®™(0), q,} for all , where q, = D(0) is
the efficient quantity for cost # and demand D. In this case, there exists 8% < @ such that
¢°FT(0) = q, if 6 > 0%, and ¢°FT(0) = ¢®M(0) if 0 < 0*. See Figure 1 for the illustration.

OFT 79PT) when the demand

Under any robustly optimal price regulation MOPT = (p
is D* and cost is @, the monopolist sells a quantity D*(p°FT(6)) = max{¢®™(#), qc}, where
de = D*(0) > D(A) = qu. Thus, there exists §* < 6* such that D*(p°PT(0)) = q, if 6 > 6*

and D*(pPPT(6)) = ¢®M(6) if 6 < 6*. See Panel A of Figure 4 for the illustration.

For § < 6*, we have that D*(p°FT(#)) = ¢°FT(0) = ¢®™(6). However, for 6§ > 6*,
we have that D*(p°FYT(9)) = q, > ¢°FT(0) > ¢®M(0). Because, for any 6, virtual surplus

V*(q) — 2*(0)q is quasi-concave in q, reaching a maximum at ¢ (#), we thus have that, for
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any 0 > 0*,
VH(D*(pPTH(0))) — 27 (0)D*(p°TT(9)) < VF(qOTH(B)) — 2*(0)g°T(6)-

We conclude that W (MOPT; D*, F*) < W(MOPT; V* F*), with the inequality strict if, and

only if, D*(0) > D(6).

Part (2). If D*(0) = D(6), then q; = q,. In this case, for any 6 € O, the quantity traded
under the conjectured model (D*, F*) when running any robustly optimal price regulation
is D*(p°FT(0)) = max{¢®™ (), q;} = ¢*(f). This means that, by running any robustly
optimal price regulation M OPT "the regulator obtains the same welfare as by running the

Baron-Myerson-with-quantity-floor regulation M*, i.e.,
W (MOFT; D* F*) = W(M*: V*, F*). (28)

As shown in the proof of Proposition 1, M* is the solution to a relaxation of the full program

yielding the robustly optimal quantity regulation, implying that
W(M*;V* F*) > W(MOPT, v* ™). (29)

When MOFT £ M* the inequality in (29) is strict. Jointly, (28) and (29) imply that, when

MOPT £ M* and D*(0) = D(6), price regulation strictly dominates quantity regulation. H

Proof of Corollary 6. Both claims follow from combining Propositions 1 and 4. For the
first claim, note that the conditions in the corollary imply that M* = (¢*,u*) is robustly
optimal and D*(f) > D(). Indeed, for any § > @, Condition (14) in the corollary is
equivalent to Condition (8) in Proposition 1. For # = 0, the assumption that D*(8) = D(6)

in the corollary implies that Condition (7) in Proposition 1 is equivalent to

¢ (y)dy < / D(y)dy.

\Cb\%‘

which is satisfied when Condition (14) in the corollary holds.

Next, consider the second claim. The conditions in the corollary imply that D*(6) = D(0)
and M* = (¢*,u*) is not robustly optimal. In fact, Conditions (15) and (16) in the corollary
imply that either Condition (7) or Condition (8) in Proposition 1 is violated. |
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D Technical Lemmas

Lemma 8 Suppose M = (q,u) is an IC mechanism and I C © is an interval. Let W(-,q)
be the function defined, for all 0 € O, by

0
W0, 4) = Vi(q(6)) — 0q(6 / aly (30)
0

The following are true:

A. Suppose 0 < q(0) < D(0) for all 0 € I. Then W (-,q) is weakly decreasing over I. If,
in addition, q is decreasing with q(0) < D(0) for all @ € I, then W(-,q) is decreasing

over I.

B. Suppose q(0) > D(0) for all 8 € I. Then, W(-,q) is weakly increasing over I. If, in

addition, q is decreasing over I, then W (-, q) is increasing over I.

Proof of Lemma 8. Pick 6,6 € I, with 8’ < 0. Note that
q(6") 0
W) - W(o0) = | Plo)dy—0a(®) +600) - [ atv)iy (31)
q(0) o’
Proof of Part (A). We consider two cases.

Case 1: P(q(0")) > 6 > ¢'. Note that the right-hand-side of (31) equals to

qa(0") 0

(P(y) —0)dy+ ¢ (0 —6')q(0) — /q : (32)
q(6) o’

The first term in (32) is non-negative because, for all y € (¢(0), q(0")), P(z) > P(q(0")) > 6,

which follows from P being decreasing. Furthermore, if ¢(6") > ¢(#), then the first term in

(32) is positive. Next, observe that, because ¢ is weakly decreasing, the expression in curly

brackets in (32) is non-negative. Thus, we conclude that W (¢',q) > W (0, q), i.e., W(-,q) is

weakly decreasing over I (decreasing when ¢ is decreasing over I).
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q(0) 9
q(fy) P(z)dz — 0'q(0') + 0q(0) — J q(y)dy

"a0) ) a0 4

Figure 5: Illustration of Case 2 in Part A.

Case 2: 6 > P(q(¢')) > #'. Use Figure 5 to observe that the sum of the first four terms in
(31) is equal to

P(q(6")) 6 P(q(9))
(1)~ aw)v+ [ (bW -aw)av+ [ (Dw)-a®)ds. 63
6’ P(q(0")) 0

Now we argue that each of these three terms in expression (33) is non-negative. The
first term is non-negative because ¢ is weakly decreasing. Next observe that, for all y €
(P(q(6)),0), D(y) > q(y). Hence, the second term in (33) is also non-negative. Finally,
the last term in (33) is also non-negative because, for any y € (6, P(q(0))), D(y) > q(6),

which follows from P being decreasing. We conclude that W (-, q) is weakly decreasing over

I (decreasing when ¢ is decreasing and such that ¢(y) < D(y) for all y € I).

Proof of Part (B): The difference in welfare W (6, q) — W (', q) across the two types is

given by the (negative of the) expression in (31), which can be rewritten as

0 q(6")
W(o.0) - Wit'0) = [ (atw) = a®)ds+ [ (0~ P(2))de (34)
o q(6)

We consider two cases.

Case 1: P(q(0)) < @' In this case, P(z) < ¢ for all z > ¢(6). This implies that the second

integral in (34) is non-negative and the first integral is non-negative because ¢ is weakly
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decreasing. If ¢ is decreasing, both integrals are positive.

Case 2: 0" < P(q(0)) < 0. We then have that ¢(0') > D(0') > q(6). Hence, using (34), we
have that

0 D(9")
W(o.0) - WIE0) 2 [ (ats) =)y~ [ (P(2)-0)d (3)
0’ q(0)

See Figure 6 for an illustration of the right-hand-side of the inequality in (35). Changing

the variable of integration, the second integral can be written as

D(0") P(q(0))
| (pe-#)a:= [ (Do)~ o))y
q(9) ¢’

Thus, the right-hand-side of (35) reduces to (see Figure 6 for an illustration)

0 P(q(9))
[ (1w —a®)as— [ (D) - a0))as, (36)

which is non-negative because P(q()) < 6 and D(y) < q(y) for all y € I. Thus, W(0,q) >
W(#,q), ie., W(-,q) is weakly increasing over I. The above inequality also reveals that,
when ¢ is decreasing, the expression in (36) is positive, implying that W (-, q) is increasing

over [I.

Proof of Lemma 4. (1) We want to establish that, for any 6 € O, constraints (4) and (5)
are equivalent. Observe that, for any 6 € O,

V(q(6)) - 64(6 / y)dy — DWL(8, (6)), (37)
0

P(q)
where, for any q, DWL(0,q) = [ (Q(y) — q) dy > 0 is the dead-weight loss of procuring
0

quantity q instead of quantity D(#) when the marginal cost is # and the demand is D. The
equivalence between the constraints in (4) and (5) then follows from this observation together
with the fact that

G = V(q) — e = V(D(3)) — 9D(F) = / D(y)dy. (38)
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o (P(0) — q(6)

Figure 6: Illustration of Case 2 in Part B.

(2) Next, we establish that the following two statements are equivalent: (a) Condition (5)
holds for all § € ©; (b) Condition (5) holds for § € {#,6} and, in addition, Condition (20)
holds for all 6 € (,0).

That (a) implies Condition (b) is immediate given that, for all , DWL(, ¢(¢)) > 0. Thus,
to complete the proof, it suffices to show that, when Condition (5) holds for § € {#, 6} and,
in addition, Condition (20) holds for all § € (6, 0), the following inequality

P(q(0))

iy = [ (D)~ @)y >0 (30)

%\,.cb\

/9 D(y)dy —

holds for all § € (0,6). Below, we consider two cases, which are covered in Claims 1 and 2

below.

—al

0
Claim 1 Suppose q(0) < D(0) and, for all §' € O, [q(y)dy < [ D(y)dy. Then the inequal-
9/

ity in (39) holds.

/

S

Proof: Observe that § < P(q(f)) < 6. The first inequality follows from the fact that
q(0) < D(). The second inequality follows from Condition (5) applied to § = @ which gives

q(0) = qv = D(0); because q is weakly decreasing, we then have that ¢(f) > D(6). The
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left-hand-side of (39) is thus equivalent to
P(q(0))

(D(y) — aly))dy + / (a(0) — aly))dy. (40)

0

=

Q

=
%\q"

N

=

P

0
That the first integral in (40) is positive follows from the fact that [ (D(y) —q(y))dy > 0
P(q(9))
The second integral is non-negative because ¢ is weakly decreasing. [ |

6 0

Claim 2 Suppose q(8) > D(0), and, for all 9’ € O, [q(y)dy < [ D(y)dy. Then the inequal-
o o

ity in (39) holds.

Proof: Because ¢(8) > D(0), P(q(f)) < 6, which implies that the left-hand-side of the
inequality in (39) is equal to

(D(y) —aly)) dy — / (a(6) — D(y))dy.
P(q(0))
Let 0% = inf{y < 0 : q(s) > D(s)foralls € (y, 0]} and note that 6* < 6. Suppose that 6* > 0,

%\%\

which implies that ¢(6%) = D(6*). Because f D(y) — q(y)) dy > 0, we have that
ot

0 0
/ (D(y) — aly)) dy > / (ay) — D(y)) dy. (41)
0 ot

It follows that

/9
4 P(q(0))
/6

) dy — / (a(0) — D(y))dy. (42)
0% P(q(0))
Because q() < q(6*) = D(6%), we have that P(q(6)) > 6. This property, together with the
fact that ¢(y) > D(y) for all y € (6*,0), implies that
9

0
/ (aly) — D(y)) dy > / (aly) — D(y)) dy.

P(q(9))
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In turn, this means that the right-hand-side of the inequality in (42) is greater than
0

0
/ (q(y) — D(y)) dy — D(y))dy = / (q(y) — a(0)) dy = 0,
P(q(0)) P(q(0)) P(q(0))

where the last inequality follows from the fact that ¢ is weakly decreasing. We thus conclude

that the inequality in (39) holds, as claimed.

Next, suppose that §* = §. That Condition (5) holds for # = § means that W (6, q) >
G*, where W (-,q) is the function defined in (30). Because ¢(y) > D(y) for all y € [0,0],
Lemma 8 implies that the function W (-, ¢) is weakly increasing over [, 8], which means that
W(0,q) > G*. As shown above, this means that (39) holds. |

Claims 1 and 2 cover the exhaustive cases and complete the proof of Lemma 4. [ |

Lemma 9 The following are true:
ZM(0) = 2*(0) V6 € (0, bin) (L)
ZM(0) > 2*(0). V0 € (O, 07) (R)

Proof: Observe that 2™ is right-continuous. This follows from the fact that 2* is continuous,

AOPT

which implies that f* is also continuous, along with the fact that is right-continuous.

We first establish (L) and then (R).

Proor or (L). If 6,y = 0, there is nothing to prove because (0, 6;,) is an empty set.
Thus assume that 6, > 6. Suppose, for towards a contradiction, that there exists 8’ €
(0, 0in¢) such that zM(0') # 2*(0'). Because 2*(0) = zM(0) for all 6 € (0, 0in¢), we have that
ZM(0") # 2M(0"), which implies 2 must be constant on a non-empty interval containing ¢'.
Let K = z™(#') and define
= inf{0 : 2" (0) = K}, (43)
b:=sup{f: zM(0) = K}. (44)
Hence, (a,b) is the largest interval where 2 takes value K. Because 6’ < 0, and 2 (0) =
2*(0) for all 6 € (0,0:¢) and 2M(0) > 2*(0) for all 0 > Oy, there must exist 0 < é < b—a
such that

M(0) = 2*(0) V0 e (a,a+é), (45)
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M@) > 40) VO (atéb). (46)

Below, we use the following claim to establish the result.

Claim 3 There exist two sequences {e,} 1 0 and {5,} 1 0, and N € N such that

Ma+e,)>K>Mb-6,) Vn>N.

Proof of Claim 3: By the definition of the H and H functions, we must have that
H(F*(a)) = H(F*(a)) and H(F*(b)) = H(F*(b)). Now assume, for contradiction, that
there does not exist a sequence {e,} | 0 such that 2 (a + ¢,) > K. This means that there
exists 0 < € < b — a such that!®

Ma+e)< K  VYeec|0,e),

or, equivalently, h(¢) < h(¢) for all ¢ € [F*(a), F*(a + €)). This inequality, combined with

H(F*(a)) = H(F*(a)), implies that, for some € € (0, €),

F*(a+e) F*(ate) _

h(6)do < T(F*(a)) + / R() do

F*(a)

H(F*(a)) + /

F*(a)
— H(F*(a+¢€)) < H(F*(a+e¢)).

The last inequality contradicts the fact that H(F*(0)) > H(F*(6)) for all 8 € (a,b).

Similarly assume, for contradiction, that there does not exist a sequence {9, } | 0 such that
2M(b —6,) < K. This means that there exists 0 < € < b — a such that

K<Mb—¢) Vee (0,9,

or, equivalently, h(¢) < h(¢) for ¢ € (F*(b— &), F*(b)). Observe that H(F*(b)) = H(F*(b)).
S

Therefore, for some € € (0, €),

F*(b) F*(b)

h(6)do = TI(F*(b— o)) + / R(9) do.

F*(b—e)

HF*(b— o)) +/

F*(b—e)

16Qtherwise, for every d > 0 there exists € € (0,8) such that 2™ (a + ¢) > K. We can use this to create a

sequence {e,} | 0 that satisfies the properties in the claim.
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Because h(¢) < h(¢) for all ¢ € (F*(b— €), F*(b)), we have that

F*(b) F*(b)
/ W) do > / R(9) do.

F*(b—e) F*(b—e)

Therefore H(F*(b—¢€)) < H(F*(b—¢€)), a contradiction to the assumption that H(F*(0)) >
H(F*(0)) for all § € (a,b). This completes the proof of Claim 3. |

Claim 3 implies that there exists €, > 0 small such that
Mla+e) > K > 2M(b-9).

Note that € and 0 can be chosen so that b — 0 > a + €. By (45) and (46), we have that
z*(a+€) > K > z*(b—6), which contradicts the fact that z* is increasing. We thus conclude
that zM(0) = 2*(0) for all § € (6, Oinr).

PROOF OF (R). Next, we establish that zM(0) > 2*(0) for 6 € (0, 0*). Suppose there ex-
ists 0" € (Bint, 0%) such that zM(0") < 2*(6'). Because 6’ > 6;,¢, we have that 2*(0") < 2M(¢').
This further implies that z(0') < 2™ (¢’). This can only happen if zM is locally constant
over a non-empty interval containing 6. Let 2 (0') = K, and define the open neighborhood
(a,b) as in (43) and (44). We consider two cases.

Case 1. ¢ < b. By the definition of the H and H functions, we must have that H(F*(b)) =
H(F*(b)). Because b > 6 > 6, Claim 3 above implies there exists ¢ > 0 small such that
0 < b—eand z2M(0) = K > 2M(b —¢). By assumption z*(¢') > z™(¢'). Furthermore,
2M(b—€) > 2%(b — €) because zM(0) > z*(0) for all > O;;. This implies that

) > M) > Mb—¢) > 25 (b—e),

which contradicts the assumption that z* is increasing.

Case 2: Suppose that b = ' > f;,;. Right-continuity of 2 and z*, along with the definition
of b, imply that

—Me/ - =M =1 M — Me/.
Z00) =lim 27 (y) = lim 27 (y) = 27(0)

Because zM (') > 2*(¢'), this contradicts the assumption that z(9") < 2*(¢').
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We thus conclude that, for all ' € (6i.¢,60%), M (0) > 2*(0), as claimed. |

Lemma 10 If0™ < 0, then ¢*(0™) > D(0™). In addition, if 0™ > 0, then ¢*(6™) = D(6™).

Proof: By Lemma 5, if 6™ < 0, then ™ < 6*, and therefore ¢*(6™) = ¢®™(6™). Suppose
that ¢*(0™) < D(0™). Because D is continuous and ¢* is weakly decreasing and continuous,
and ™ < 0*, there exists 6 > 0 such that, for all § € [0™,0™ + 6], 0 < q, < ¢*(0) < D(6).
Also, for small enough 4, we have 6™ + § < 6*. This means that ¢*(6) = ¢®™ () for all
0 € [0™, 0™ + 4]. By regularity, ¢°™ is decreasing, implying that ¢* is decreasing in this
interval. Part A of Lemma 8 then implies that the function W(-,¢*) is decreasing over
(0™, 0™ + §], contradicting the definition of §™. Hence, ¢*(6™) > D(0™).

Similarly, if ™ > 0 and ¢*(0™) > D(6™), there exist § > 0 and a left-neighborhood
[0™ — §,0™], such that for every @ in this neighborhood ¢*(6) > D(#). Also ¢*(0) = ¢"*™(0)
in [0™ — §,0™] (since 0™ < 6*), and ¢®M is decreasing by regularity. Hence, by Part B of
Lemma 8, W (-, ¢*) is increasing in [#™ — §, 0™], contradicting the definition of 6™. [ |
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